In 2006, Gudder introduced a logic order on bounded quantum observable set S(H). In 2007, Pulmannova and Vincekova proved that for each subset D of S(H), the infimum of D exists with respect to this logic order. In this paper, we present the spectral representation for the infimum of D.
1
Let A, B ∈ S(H). If for each x ∈ H, Ax, x ≤ Bx, x , then we say that A ≤ B.
Equivalently, there exists a C ∈ S + (H) such that A + C = B. ≤ is a partial order on S(H). The physical meaning of A ≤ B is that the expectation of A is not greater than the expectation of B for each state of the system. So the order ≤ is said to be a numerical order on S(H).
In 2006, Gudder introduced the order on S(H): If there exists a C ∈ S(H)
such that AC = 0 and A + C = B, then we say that A B ( [1] ).
Equivalently, A B if and only if for each 0 / ∈ ∆ ⊆ B(R),
The physical meaning of A B is that for each 0 / ∈ ∆ ⊆ B(R), the quantum event P A (∆) implies the quantum event P B (∆). Thus, the order is said to be a logic
Let {A α } α ⊆ S(H) be a family of bounded linear self-adjoint operators on H, if there exists a C ∈ S(H) such that C A α for each α, and D C for any D ∈ S(H) satisfies D A α for each α, then C is said to be an infimum of {A α } α with respect to the logic order , and we denote C = α A α .
If P, Q ∈ P (H), then P ≤ Q if and only if P Q, and P and Q have the same infimum with respect to the orders ≤ and ( [1] ).
For a given order of the bounded quantum observables set S(H), the infimum problem is to find out under what condition the infimum A∧B exists for A, B ∈ S(H) with respect to the given order? Moreover, can we give out the structure of A ∧ B?
For the numerical order ≤ of S(H), the problem has been studied in different
In 2007, Pulmannova and Vincekova proved that for each subset D of S(H), its infimum exists with respect to the logic order . Their proof is abstract and there is no information about the structure of the infimum ( [7] ).
In 2008, Liu and Wu found a representation of the infimum A ∧ B for A, B ∈ S(H), but the representation is still complicated and implicit, in particular, the spectral representation of the infimum A ∧ B is still unknown ( [8] ).
In this note, we present a spectral representation of the infimum α A α for any subset {A α } α of S(H). Our approach and results are very different from [8] and are 2 much more simple and explicit.
The spectral representation theorem
Now, we present the spectral representation theorem of infimum by the following construction:
of R, then we say γ = {∆ i } is a partition of ∆. We denote all the partitions of ∆ by Γ(∆).
Let {A α } α ⊆ S(H) be a family of bounded linear self-adjoint operators on H.
Define G(∅) = 0. For each nonempty ∆ ∈ B(R),
It is clear that for each ∆ ∈ B(R), G(∆) is a projection, so G defines a map from B(R) to P (H).
There are two possibilities.
Let γ ∈ Γ(∆ 3 ). It is easy to see that for each ∆ ′ ∈ γ,
Now we prove the converse inequality.
Then
We conclude that
(ii) If 0 ∈ ∆ 3 , suppose 0 ∈ ∆ 1 and 0 / ∈ ∆ 2 .
⊆ B(R) be pairwise disjoint, we now prove that G(
G(∆ n ) in the strong operator topology. By (2), we only need to show that
By (1), (2) and (3), we completed the proof.
Proof. Let C = R λdG. Note that for each α,
thus C is bounded and C ∈ S(H), in particular, P C = G.
For each ∆ ∈ B(R), if 0 / ∈ ∆, we have
Thus C A α for each α ( [1] ).
If D A α for each α, then for each 0 / ∈ ∆ ∈ B(R) and each γ ∈ Γ(∆), since
So we conclude that
Thus D C, so we have
